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a b s t r a c t

We study the velocity and shape of air bubbles rising through a transparent yield-stress fluid. The bubbles
are small enough compared to the experimental vessel that effects of walls are weak. We find that the
terminal rise velocity of the bubbles increases approximately linearly with bubble radius over the range
of volumes accessible in our experiments. We observe bubble motion only when the bubbles are larger
than a certain critical radius. In terms of a dimensionless yield parameter Y, the ratio between the force
due to the yield stress and the buoyant force, we observe bubble motion only for Y � 0.50 ± 0.04. The
bubbles are non-spherical, having the shape of an inverted teardrop with a rounded head and a cusp-like
tail. The cusps may be an indication that elasticity plays a significant role in this system. By fitting the
cross-sectional radius of the bubble as a function of the axial coordinate to an empirical function, we
study the dependence of the bubble shape on volume and the yield stress of the material.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

The entrainment and motion of air or gas bubbles in non-
Newtonian fluids is important in many applications, including oil
extraction, bioreactors, and food processing. From a fundamental
viewpoint, the motion of a single bubble through a complex fluid
can be viewed as a benchmark problem that provides informa-
tion about the forces acting on the bubble and the distribution of
stresses in the material. There is an extensive literature dealing with
the behavior of bubbles in Newtonian fluids [1,2], but despite the
importance of the problem, bubbles in non-Newtonian fluids have
not been as thoroughly studied and neither their dynamics nor their
shape are completely understood. Previous work has been reviewed
by Chhabra [3].

In this paper, we study the behavior of bubbles rising through
yield-stress fluids. These materials flow only when the applied
stress � is greater than a yield stress �y; for � < �y they behave as
soft solids. As a result, while a gas bubble will always rise due to
buoyancy through a fluid with zero yield stress, it can remain sta-
tionary in a yield-stress fluid if the buoyant force is insufficient to
overcome the opposing force due to the yield stress [4–6]. Similarly,
a solid sphere will not fall through a yield-stress fluid unless the net
gravitational force is large enough to overcome the yield stress [7].
An object moving through a yield-stress fluid will be surrounded
by a region of yielded material that extends a certain distance, but
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farther from the object, where the local stress no longer exceeds
the yield stress, the material will remain solid-like [7].

In a theoretical treatment of the falling-sphere problem, Beris
et al. [7] defined a yield parameter Y proportional to the ratio
between the force due to the yield stress and the buoyant force.
They found for a Bingham fluid that motion occurred only for val-
ues of Y less than a yield criterion Yc . While recent experimental
results [8] for spheres falling through simple (non-aging [9]) yield-
stress fluids agree well with theoretical predictions [7,10,11], there
are rather few previous papers concerned with the complementary
problem of rising bubbles in yield-stress materials [4–6,12–17] or
with the displacement of a yield-stress fluid by gas [18–20]. Theo-
retical treatment of this problem is complicated by the possibility
of coupling among the fluid’s rheological properties, the shape of
the bubble, and its motion, as well as by the nonlinearity of model
constitutive relations for viscoplastic fluids. Estimates of the yield
criterion Yc at which the buoyant force on the bubble is balanced
by the yield stress have been derived by Dubash and Frigaard [5],
and the same group has performed experiments on bubbles ris-
ing through a cylinder containing Carbopol, a yield-stress polymer
gel [6]. Tsamopoulos et al. have carried out a numerical study of
the rise of bubbles through a viscoplastic fluid [16] using a reg-
ularized form of the Bingham model [21] and obtained detailed
results for the bubble shape and rise velocity as functions of the
dimensionless parameters which characterize the problem. They
found that Yc depended strongly on the degree to which the bubble
could be deformed: when the buoyant force was much larger than
the force due to surface tension, the bubble took on a bullet-like
shape which allowed it to more easily move through the material.
Singh and Denn [17] performed two-dimensional finite-element
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calculations of one or more bubbles rising through a Bingham fluid.
They found that backflow in the yielded region around a moving
bubble affected the bubble’s shape, leading to the development of
a cusped tail under some conditions. Bubbles with tapered tails
were observed in yield-stress fluids in the experiments of Ref. [6],
and cusped tails have also been observed in bubbles rising through
viscoelastic fluids with no yield stress [22–26].

Here we study the motion and shape of bubbles in Carbopol dis-
persions with yield stresses of 24 and 34 Pa, somewhat higher than
those of the dispersions used in Ref. [6], and in an experimental
container large enough that the influence of the walls on both the
shape and the dynamics of the bubbles is expected to be small. We
find that the terminal speed of the rising bubbles increases approxi-
mately linearly with the effective bubble radius (that is, the radius of
a spherical bubble with the same volume) above a certain thresh-
old value, while smaller bubbles do not rise. All moving bubbles
were observed to have a rounded head and a cusped tail. We were
able to fit the shape of all of our bubbles to a simple empirical func-
tion, and we study the dependence of the bubbles’ shape on their
size and on the yield stress of the fluid. In Section 2 we describe
our materials and outline the experimental procedure. Our results
are presented in Section 3 and discussed in the context of previous
work in Section 4.

2. Experiments and materials

Carbopol is a family of commercial polymeric materials which,
when dispersed in water and neutralized, forms stable, transparent
gels with minimal thixotropy [27–29]. The yield stress of Carbopol
gels can be conveniently tuned by varying polymer concentration
and pH. We used Carbopol ETD 2050, which forms gels that are par-
ticularly clear and so very well-suited for visualization experiments.
Two samples with concentrations c of 1.2% and 1.8% by weight were
prepared as in previous work [8]. The required amount of Carbopol
ETD 2050 powder was added to 15 l of deionized water in a large
tank and allowed to disperse completely. The resulting viscous fluid
had a pH of approximately 3. 1 M NaOH was then slowly added with
continuous mixing to raise the pH to 6, by which point the Carbopol
dispersion was a pasty, stiff gel with a significant yield stress. Some
previous experiments on Carbopol have shown history-dependent
results. We have found that extensive mixing of the material allows
us to obtain reproducible data [8]; to achieve this, the samples were
mixed thoroughly with a propeller-blade mixer for up to 12 h a day
for a week following the addition of the NaOH. The Carbopol was
then carefully poured into the experimental vessel. The fluid was
thoroughly remixed several times over the course of the measure-
ments to retain the homogeneity of the material and to eliminate
any bubbles remaining in the fluid from previous runs. Evaporation
was prevented by keeping the gel container covered except when
experiments were in progress.

The experiments were performed in a Plexiglas container 80 cm
high, having a square cross-section with sides 12.9 cm long. Sin-
gle bubbles were injected through a hole centered in the bottom
of the vessel by manually depressing the plunger of a calibrated
syringe filled with air and connected to the hole by a length of fine
plastic tubing. A 3 cm3 syringe was used to produce bubbles with
nominal volumes V (as measured from the syringe) ranging from
0.1 to 2.5 cm3, and a 60-cm3 syringe for bubbles with V > 2.5 cm3.
The range of bubble sizes that could be studied with our apparatus
was limited at both high and low volumes. Bubbles smaller than a
fluid-dependent minimum volume were not sufficiently buoyant to
detach from the inlet tube, while bubbles larger than a certain max-
imum volume broke up during the injection process to form two or
more smaller bubbles. For c = 1.2%, bubbles with V in the range
0.4–12 cm3 could be studied, while for c = 1.8%, 0.6 < V < 34 cm3.

In all cases, multiple trials were carried out for each nominal bub-
ble volume. A video camera capable of recording images at up to
500 frames per second was focused on a region roughly 30 cm high
starting 10 cm above the injection hole. Preliminary experiments
showed that by the time they entered this field of view, the bub-
bles were moving at a constant terminal velocity. Recording was
triggered automatically by an electronic motion detector when a
bubble entered the field of view. The resolution of our images was
roughly 1.7 mm/pixel, limited by the desire to track the motion of
the bubbles over a reasonable distance to obtain accurate veloc-
ity data. The largest bubbles studied in this work had a maximum
cross-sectional radius Rmax of 1.6 cm. The perpendicular distance
Rc from the center of the container to the walls was 6.5 cm, so the
ratio Rmax/Rc ≤ 0.25 in all cases. We can also consider the ratio
Reff/Rc , where Reff = (3Vb/4�)1/3 is the radius of a spherical bubble
with the same volume Vb. For our experiments, Reff/Rc ≤ 0.28. For
these values of the size ratio, wall effects would be expected to con-
tribute at most about 15% to the drag on a sphere moving through
a yield-stress fluid [30]. The effect of walls on bubble motion has
not previously been measured but is likely to be of a similar mag-
nitude.

Video images of the moving bubbles were analyzed using com-
mercial image analysis software. Bubble speed was determined by
tracking the uppermost point of the bubble from frame to frame.
The shape of the bubbles was recorded by manually locating each
pixel on the surface of the bubble in a given frame. Bubble volume
Vb was determined by numerically integrating the recorded shape
profile, assuming axial symmetry and averaging over the two sides
of the bubble. Vb was measured from several different video frames
for a given bubble to ensure that it was independent of depth and to
evaluate the accuracy of the volume determination. The uncertain-
ties in Vb were typically ±0.05 cm3, corresponding to about ±2%
for the largest bubbles or ±10% for the smallest. The values of Vb

determined from the image analysis were slightly smaller than the
nominal volumes V obtained from the syringe, particularly for larger
volumes. This is presumably due to the fact that a small amount of
air remains attached to the inlet tube when the bubble pinches off,
making V larger than the actual bubble volume. As a result we use
Vb as the bubble volume in what follows.

The rheological properties of the Carbopol dispersions were
measured with an Ares RHS controlled-strain rotational rheometer
using a cone-and-plate geometry. Fine emery paper was affixed to
each tool surface to minimize wall slip. The flow curve was deter-
mined from measurements of the stress � under steady shear as
a function of shear rate �̇ , and the elastic and viscous moduli, G′

and G′′ respectively, were measured as a function of frequency
and strain amplitude by applying oscillatory shear. The results
of these rheometrical measurements are illustrated in Fig. 1, and
show behavior consistent with previous studies on similar yield-
stress gels [8,28]. The flow curves were well-described by the
Herschel–Bulkley model,

� = �y + ��̇n (1)

where the yield stress �y, �, and the power law index n were
treated as fitting parameters. The results of these fits as well as
the zero-frequency elastic modulus G′(0) for both experimental flu-
ids are given in Table 1. Our experience with Carbopol dispersions
is that they do not age significantly over reasonable time scales,
but nonetheless the experiments described below were completed

Table 1
Rheological properties of the Carbopol suspensions used in the experiments.

c (%) �y (Pa) � (Pa sn) n G′(0) (Pa)

1.2 24.1 ± 0.8 13.7 ± 0.4 0.528 ± 0.001 80.9 ± 1.9
1.8 33.5 ± 0.4 10.5 ± 0.3 0.545 ± 0.006 120.5 ± 3.6



Author's personal copy

12 D. Sikorski et al. / J. Non-Newtonian Fluid Mech. 159 (2009) 10–16

Fig. 1. Rheological properties of the two Carbopol samples used in the experiments.
Circles are for c = 1.2% and triangles for c = 1.8%. (a) Steady-state stress plotted
against shear rate. The lines are least-squares fits to the Herschel–Bulkley model,
Eq. (1). The elastic and viscous moduli G′ (open symbols) and G′′ (solid symbols)
measured under oscillatory shear are plotted as a function of angular frequency at
a strain amplitude of 1% (which is within the linear regime) in (b) and as a function
of strain amplitude at a frequency of 6.28 rad/s in (c).

within a few days of the rheometrical characterization to ensure
that changes in the material properties were not significant.

3. Results

Once the injected bubbles separated from the inlet tubing, they
accelerated upwards, reaching a constant terminal speed v0 by the
time they entered the field of view of the video camera. Fig. 2(a)
shows the terminal speed of the rising bubbles as a function of
their volume Vb for both concentrations. The uncertainties in the
individual velocity and volume measurements are smaller than
the plotted symbols, so the scatter in the data must be a result
of uncontrolled variations in the sample from run to run that arise
despite our careful remixing procedure. Fig. 2(b) shows the same
data plotted as a function of the effective radius Reff. This figure
shows clearly that bubbles smaller than a certain critical radius
(or volume) do not have sufficient buoyancy to rise against the
yield stress of the material. Within the experimental scatter, we
can describe the dependence of v0 on Reff by straight lines for
each fluid. The fits shown as dashed lines on Fig. 2(b) give critical
radii Reff,c = 0.42 ± 0.05 cm for c = 1.2% and Reff,c = 0.52 ± 0.05 cm
for c = 1.8%, corresponding to critical volumes of 0.31 ± 0.11 and
0.59 ± 0.18 cm3, respectively. The same fits are plotted in terms of
Vb in Fig. 2(a).

Fig. 2. Terminal bubble rise velocity vs. volume (a) and effective bubble radius Reff

(b) for two Carbopol suspensions. Circles are for c = 1.2% and triangles for c = 1.8%.
The dashed lines in (b) are fits of the data to straight lines; the same fits are plotted
in terms of volume in (a).

Fig. 3 shows the same velocity–volume data plotted in dimen-
sionless form. Here we plot the generalized Reynolds number,

Re = 2�v0Rmax

�
, (2)

against the yield parameter

Y = 2��yR2
max

�gVb
. (3)

Here Rmax is the maximum radius of the bubble, determined from
the video images as explained below. g is the acceleration due to

Fig. 3. The generalized Reynolds number Re plotted against the yield parameter Y
defined in Eq. (3). Circles are for c = 1.2% and triangles for c = 1.8%.
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gravity, � is the fluid density (which is much larger than that of the
air in the bubble) and � = �/�̇ is the viscosity of the material, deter-
mined from Eq. (1) with �̇ taken to be v0/Rmax. The data for the two
values of �y collapse onto a single curve when plotted in this way.
No bubble motion is observed for Y > Yc ≈ 0.53. The dependence
of Re on the yield parameter seen in Fig. 3 is qualitatively similar
to that predicted numerically for a Bingham fluid (described by Eq.
1 with n = 1) in Fig. 17 of Ref. [16], although we note that other
dimensionless quantities (the Bond number and Archimedes num-
ber; see Section 4) which are held constant in the numerical work
in fact vary in our experiments. Note that our definition of Y is the
same as that used by Beris et al. [7], using Rmax in the numerator,
but differs slightly from that used by Dubash and Frigaard [5,6] and
Tsamopoulos et al. [16]. This is discussed further in Section 4 below.

The bubbles were in general far from spherical in shape. For low
volumes, they were relatively long and slender with a rounded head
and a somewhat conical tail. As the volume increased, the head
of the bubble became slightly more pronounced while the profile
of the tail showed more concavity. Within the resolution of our
images, all bubbles studied appeared to have a tail ending in a cusp.

We determined the cross-sectional radius R of the bubble as a
function of the axial coordinate z from the recorded images. To char-
acterize the variation of bubble shape with volume, we plot the
maximum radius Rmax (averaged over the two sides of the bubble)
against Vb in Fig. 4. For a spherical bubble, Rmax would be the same
as Reff, which is shown by the dashed line in Fig. 4. Rmax for our
bubbles is always smaller than this, but shows a slightly more rapid
increase with volume over the range of our experiments—a fit to
the data for c = 1.8% gives Rmax = (0.428 ± 0.002)V0.405±0.002

b
. The

inset to Fig. 4 shows the aspect ratio L/Rmax, where L is the total
length of the bubble determined from the video images, plotted as
a function of Vb. Our values of L/Rmax lie in the range from 4.2 to
10.3 for c = 1.8%, decreasing as Vb increases. For a given bubble vol-
ume, L/Rmax is smaller (i.e., the bubble is closer to spherical) in the
fluid with the lower yield stress, consistent with previous results in
Carbopol dispersions with a much lower �y [6] and also with recent
numerical calculations [16].

We found that R(z) could be well described by the functional
form

R(z) = AzB(C − z)e−Dz (4)

over the full range of volumes studied. Here A, B, C, and D are fitting
parameters and the head of the bubble is at z = 0. C corresponds

Fig. 4. The relationship between the maximum bubble radius Rmax and the bubble
volume Vb . Circles are for c = 1.2% and triangles are for c = 1.8%. The dashed line
shows the radius of a spherical bubble, and the dotted line is a power-law fit to the
data for c = 1.8%. The inset shows the aspect ratio L/Rmax as a function of Vb , with
the dashed line indicating the value of 2 for a spherical bubble.

Fig. 5. The measured profiles of bubbles with c = 1.8% and (a) Vb = 0.86 cm3, (b)
7.79 cm3and (c) 16.26 cm3are shown by the symbols. The lines are fits of the profiles
to Eq. (4).

to the overall length of the bubble. The exponent B characterizes
the shape of the head of the bubble, while the exponential decay
determines the shape of the cuspy tail. Typical bubble profiles fitted
to Eq. (4) are shown in Fig. 5; the quality of the fits is uniformly
excellent.

The parameters obtained by fitting Eq. (4) to the measured bub-
ble profiles for c = 1.8% are plotted against the bubble volume Vb

in Fig. 6. The coefficient A shows a weak linear increase as bub-
ble volume increases (shown by the dashed line in Fig. 6(a)). A is
approximately a factor of 1.7 larger (but also significantly more scat-
tered) for the lower concentration sample. The exponent B is close
to 0.5 for the smallest bubbles, corresponding to a locally parabolic
bubble profile, but increases with a weak power-law dependence on
Vb. The fit shown in Fig. 6(b) gives B = (0.52 ± 0.01)V0.13±0.01

b
(with

Vb in cm3). The values of B for c = 1.2% show the same weak power-
law increase with Vb within our uncertainties, but are on average
about 33% larger. The bubble length C also increased as a power-law
in Vb, with a fit for c = 1.8% giving C = (3.76 ± 0.04)V0.208±0.004

b
cm

as shown in Fig. 6(c). The values of C for the lower concentration
were the same within the experimental scatter and for both con-
centrations agreed with bubble lengths L determined directly from
the images. Finally, the inverse decay length D appeared to be inde-
pendent of volume and equal to 0.22 ± 0.08 cm−1 for c = 1.8% and
0.5 ± 0.2 cm−1 for c = 1.2%.

4. Discussion

An object will rise or fall through a yield-stress fluid when the
net gravitational force is sufficient to overcome the opposing force
due to the yield stress. In terms of the dimensionless yield param-
eter Y defined in Eq. (3) above, the bubble will move if Y is less than
some critical value Yc , at which point the upward buoyancy force
overcomes the force due to the yield stress. As noted above, our
definition of Y follows that of Ref. [7], with the maximum bubble
radius used in the calculation of the force due to the yield stress
in the numerator. Dubash and Frigaard [5,6] and Tsamopoulos et
al. [16] used a slightly different definition of Y based on Reff rather
than Rmax and differing by an additional numerical factor of 1.5.
The difference is small, and our results are qualitatively the same
whichever definition we use. We prefer the definition we have used
because it captures more of the physics involved: the drag force will
depend on the actual cross-sectional area of the bubble, while the
buoyancy force will be proportional to the bubble volume. Since,
as we have shown, the yield stress affects the shape of the bub-
ble, using Reff in the definition of Y might not capture all of the
yield-stress dependence in the problem. Defining Y in terms of the
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Fig. 6. The parameters A–D obtained from fits of the measured bubble profiles to Eq.
(4) for a Carbopol concentration c = 1.8% are plotted as a function of Vb in graphs
(a)–(d), respectively. The uncertainties in the parameter values are typically in the
order of the scatter in the data. In each case the dashed lines are fits to the data
discussed in the text.

actual cross-sectional area of the bubble through the use of Rmax,
as we do, leads to a slightly better collapse of the data and slightly
better agreement between the values of Yc obtained for the two
fluids. The highest value of Y measured is 0.46 for c = 1.2% and
0.53 for c = 1.8%. Taking an average gives Yc = 0.50 ± 0.04 as an
estimate of the critical yield parameter for bubbles rising through
Carbopol. (For comparison, defining Y = �y/�gReff as in Refs. [6,16]
gives maximum values of Y of 0.59 and 0.72, respectively.) The small
difference between the highest values of Y observed for the two con-
centrations likely reflects the difficulty in experimentally studying
small bubbles which approach the critical condition, and not a real
dependence on �y; we note that any such dependence would be
unexpected based on current theory.

Beris et al. [7] calculated Yc for a solid sphere in a Bingham fluid
to be 0.143. This value has recently been confirmed experimentally
for spheres falling through Carbopol [8]. Yc could be quite different
for bubbles because of their non-spherical shape and because of the
different boundary conditions at the surface of the bubble. In fact all
of our measured values of Y are higher than the value of Yc for a solid
sphere. Dubash and Frigaard [5,6] determined an upper bound for
Yc of L/(23/2Reff) for axisymmetric bubbles which is a factor of four
to ten larger than our experimental values. On the other hand, the
same authors [5] also used a comparison principle to obtain an esti-

mate of Yc =
√

3/2 = 0.87 (using our definition of Y) for a spherical
bubble, only slightly higher than the experimental result (although
of course our bubbles were not spherical). Tsamopoulos et al. [16]
calculated Yc to be 0.21 (again using our definition of Y) for bub-
bles rising through a Bingham fluid. This is somewhat smaller than
the value we observe experimentally. The quantitative differences
between the experimental and theoretical values of Yc are likely
due to the fact that the shapes of the bubbles calculated in Ref. [16],
or assumed in Ref. [5], are quite different from the experimental
shapes.

Tsamopoulos et al. [16] identify several other dimensionless
numbers which characterize this system. These include the Bond
number Bo, the ratio of the gravitational force to that due to surface
tension:

Bo = �gR2
eff/�, (5)

where � is the surface tension, and the Archimedes number A r, the
ratio of gravitational forces to viscous forces:

Ar = �2gR3
eff/�2. (6)

The Bingham number Bn, the ratio of yield stress to viscous stresses,
is analogous to Y for this system [6,16]. In Fig. 7, we show the range
of Re, Y, and Bo covered by our experiments for the 1.8% Carbopol
dispersion. In calculating Bo, we have assumed � = 0.035 N/m,
although to our knowledge this property has not been measured
(Ref. [6] used � = 0.070 N/m, the value for water, but this is cer-
tainly an overestimate). The values of Ar are not shown but overlap
closely those of Re and show essentially the same volume depen-
dence, ranging from 10−2 for small bubbles to 3 for large bubbles.
Bo ranges from about 3 to 80, indicating that the effects of surface
tension are small compared to buoyancy over the full range of our
experiments. This is consistent with the fact that our bubbles are
strongly non-spherical. Clearly all of these parameters vary with
bubble size, so that in practice it is difficult to perform experiments
in which any one of these parameters is varied while others are held
constant.

For bubbles that are large enough to overcome the yield stress,
the terminal rise velocity increased with bubble volume over
the full range of volumes studied and for both concentrations.
Fits to our data gave critical volumes Vc of 0.31 ± 0.11 cm3 for
the fluid with the lower yield stress and 0.59 ± 0.18 cm3 for the
higher yield-stress material. These are close to the minimum bub-
ble volumes studied in each case: (0.53 ± 0.05) cm3 and (0.60 ±
0.09) cm3, respectively. The value of Vc–and hence the buoyant

Fig. 7. The range of the dimensionless numbers Re, Bo, and Y covered in the experi-
ments with c = 1.8%. The numbers are plotted as a function of bubble volume.
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force needed to overcome the yield stress–increases with �y, as
expected.

For Reff > Rc the rise speed of our bubbles was approximately
linear in radius. The measurements of Ref. [6] also showed an
increase in rise velocity for small bubbles, but followed by a peak
and then a regime in which the rise velocity was independent of
bubble size for bubbles which nearly filled the container. A similar
peak was observed in Ref. [14]. This complex behavior clearly indi-
cates that the walls have a significant effect on the bubble motion
for R/Rc � 0.5. This is to be expected from previous studies of the
motion of solid spheres through yield-stress fluids [30,31]. No such
peak or plateau regime was observed in the present work, in which
Reff/Rc is always less than 0.28 and wall effects are much less sig-
nificant.

Our bubbles do not tend towards spherical at small volumes, as
would be the case for a Newtonian fluid, but rather become effec-
tively less spherical: smaller bubbles are relatively longer and more
slender than larger bubbles. This indicates that forces due to the
yield stress are at least as important as surface tension for small
bubbles. The difference between Rmax and Reff, which is only 15%
for our largest bubbles, rises to 40% for the smallest, suggesting
that fluid properties rather than wall effects play the dominant role
in determining the bubble shape. Our bubbles have aspect ratios
L/Rmax ranging from a maximum of about 10 for small bubbles to
four for large bubbles, with bubbles in the lower yield-stress fluid
having lower L/Rmax. The bubbles of Ref. [6], in fluids with sub-
stantially lower yield stress, had aspect ratios ranging from 2 to 5.
This suggests that the yield stress has a systematic influence on the
shape of the bubble, and this is made explicit by the experimen-
tally observed dependence on �y of the parameters in Eq. (4): the
head of the bubble, the curvature of which is characterized by the
parameter B, is flatter, while the decay length 1/D of the tapered
tail is longer for the fluid with the higher yield stress. The increase
in aspect ratio with increasing yield stress is consistent with the
trend seen in the numerical work of Ref. [16].

Our bubbles have a rounded head and a tapered tail over the
range of volumes studied. They are similar in appearance to the
smallest bubbles illustrated in Ref. [6], but within our resolution
the tails of our bubbles all appear to have a sharp cusp, while some
of those shown in Ref. [6] have rounded tails. This difference may
be due to the significantly larger yield stress of the fluids used in the
present work. Cusped bubbles have been observed in several types
of non-Newtonian fluids, including purely elastic fluids and shear-
thinning viscoelastic fluids [3,12,22,32,33]. It has been suggested
on the basis of numerical studies that the cusp in viscoelastic fluids
arises due to a strong uniaxial extensional flow or a negative wake
behind the rising bubble, resulting from the stretching of polymer
molecules [23–26]. The recent numerical work by Tsamopoulos et
al. [16], which did not include elasticity, predicts an elongation of
the bubbles in the z-direction as �y increases but not the strongly
tapered tails observed here and in Ref. [6]. It was suggested in Ref.
[16] that the cusps may be due to the effects of elasticity in the
yield-stress case as well as in the polymer case. On the other hand,
Singh and Denn observed cusped bubbles in a two-dimensional cal-
culation of bubbles rising through a Bingham fluid. Their model also
did not include elasticity, and they attributed the formation of cusps
in their simulations to backflow in the yielded region around the
bubble.

While the situation is thus not entirely clear, our observation of
cusped bubbles in these experiments suggests that elasticity may
significantly affect the fluid dynamics of Carbopol. This is in contrast
to the typical picture of Carbopol as a near-ideal viscoplastic fluid.
We can get an idea of the importance of elastic effects in our exper-
iments by estimating the Deborah number, defined as De = 	r/	f ,
where 	r is the elastic relaxation time of the material and 	f a
characteristic time scale for the flow. We take 	f ≈ Reff/v0 and

Fig. 8. The ratios of the energy dissipated per unit time by yield stress (solid trian-
gles), inertial forces (solid circles), viscous dissipation (open diamonds), and surface
tension (open squares), to that released by buoyancy. The ratio Wtot/Wb is shown by
the crosses. Data for c = 1.8% are shown.

	r ≈ �/G′, where G′ is determined at the characteristic frequency
1/	f . We find 0.3 � De � 0.5 for c = 1.8%, and 0.5 � De � 0.9 or
c = 1.2%. Thus while elastic effects will not be dominant in these
experiments, they will be present. In fact, cusps have been observed
in numerical simulations for De of order one [23,24,26], which is
consistent with the possibility that elasticity could be the cause of
the cusped tails we observe. Further experimental and numerical
studies are required to clarify the issue.

In Ref. [6], Dubash and Frigaard estimated the contributions to
the energy budget of the bubbles due to buoyancy, yield stress, iner-
tia, viscosity, and surface tension, taking into account wall effects
and assuming a cylindrical bubble with hemispherical end caps. We
have repeated their analysis for our bubbles using Eqs. (13)–(17)
from Ref. [6], both for our actual values of R/Rc and in the limit that
R/Rc goes to zero. The total dissipation calculated for the two cases
differed by at most 6%, consistent with the expected low level of
wall effects in our experiment. In Fig. 8, we have plotted the ratios
of the energy dissipated per unit time by the “downward” forces
due to yield stress Wy, inertia Wi, viscosity Wv, and surface tension
Ws to the energy released per unit time by the “upward” buoy-
ancy force Wb, as a function of bubble volume for c = 1.8%. The
results for the lower concentration are similar. The ratio Wtot/Wb,
where Wtot = Wy + Wi + Wv + Ws, is also shown. At small volumes
the bubble speed is low so the inertial contribution is negligible,
while yield stress, viscosity, and surface tension all contribute at
a similar level to the energy budget. This is consistent with the
observed non-spherical shape of the bubbles. As Vb and the bub-
ble speed increase, inertial effects become correspondingly larger,
dominating for the largest bubbles studied. The relative contribu-
tions due to viscosity and yield stress remain almost constant as Vb

increases, while that due to surface tension decreases. For a bubble
moving at a constant speed, one would expect the energy released
by buoyancy to be completely dissipated by the effects included in
Wtot, and, despite the fact that the expressions used in the calcu-
lations [6] are approximate, we find Wtot/Wb to be approximately
constant within our scatter and close to one over the range of vol-
umes studied; on average Wtot/Wb = 0.86 ± 0.19 for c = 1.8% and
1.2 ± 0.3 for c = 1.2%.

5. Conclusion

We have examined the behavior of bubbles rising through Car-
bopol dispersions with yield stress of 24 and 34 Pa in a system
in which wall effects are small. Over the range of bubble volumes
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studied, the rise velocity increases roughly linearly with bubble
radius above a critical radius. We find the maximum value of the
yield parameter above which the buoyant force is not sufficient
to overcome the yield stress to be about 0.50 ± 0.04, in qualita-
tive agreement with theoretical predictions. The bubbles have a
rounded head and a tapered tail, the latter possibly due to the
elasticity of the fluid. Small bubbles are relatively longer and more
slender than larger bubbles, reflecting the importance of forces due
to the yield stress relative to surface tension forces for small bub-
bles. Bubbles in the fluid with the larger yield stress have a larger
length-to-radius aspect ratio, a flatter head, and a longer tail.
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